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Abstract
This brief Letter demonstrates that effects from a noncommutative spacetime geometry will measurably affect the value
of (g − 2)µ inferred from the decay of the muon to an electron plus two neutrinos. If the scale of noncommutativity is
O (TeV), the alteration of the V –A structure of the lepton–lepton–W vertex is sufficient to shift the inferred value of
(g − 2)µ to one part in 108. This may account for the recently reported 2.6σ discrepancy between the BNL measurement
aexpt = 11659202(14)(6) × 10−10 and the Standard Model prediction aSM = 11659159.6(6.7)× 10−10.
 2002 Published by Elsevier Science B.V.
1. Introduction
The measurement of the anomalous magnetic mo-
ment of the muon, aµ ≡ (g− 2)µ, has undergone con-
tinual refinement (for history and experimental details,
see [1,2]) to the point where aµ is now very precisely
known [3]:
(1)aexptµ = 11659202(14)× 10−10.
The experimental technique employs muons trapped
in a storage ring. A uniform magnetic field B is ap-
plied perpendicular to the orbit of the muons; hence
the muon spin will precess. The signal is a discrep-
ancy between the observed precession and cyclotron
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frequencies. Precession of the muon spin is deter-
mined indirectly from the decay µ → eν¯eνµ. Elec-
trons emerge from the decay vertex with a character-
istic angular distribution which in the Standard Model
(SM) has the following form in the rest frame of the
muon
(2)dP(y,φ)= n(y)(1+A(y) cos(φ))dy d(cos(φ)),
where φ is the angle between the momentum of the
electron e and the spin of the muon, y = 2pe/mµ mea-
sures the fraction of the maximum available energy
which the electron carries, and n(y),A(y) are particu-
lar functions which peak at y = 1. The detectors (posi-
tioned along the perimeter of the ring) accept the pas-
sage of only the highest energy electrons in order to
maximize the angular asymmetry in (2). In this way,
the electron count rate is modulated at the frequency
aµeB/(2πmc).
The leading theoretical prediction of aµ in the SM
is aSMµ = 11659159.6(6.7)× 10−10 [4] which leads to
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Fig. 1. (a) The muon decay to an electron plus two neutrinos. Each vertex receives a noncommutative loop correction (b) (with l = e,µ) which
upsets the electron’s angular distribution.
a 2.6σ deviation from the data
(3)aexptµ − aSMµ = 43(16)× 10−10.
If this discrepancy persists as more data arrives and
theoretical uncertainties improve, then there is a clear
signal of new physics. Many proposals to account
for this discrepancy have already appeared in the
literature.1
This Letter is a consideration of a novel effect on
the measurement of aµ from noncommutative geom-
etry, a theory in which the coordinates of spacetime
become noncommuting operators: [xˆµ, xˆν] = iθµν .
There is an extensive collection of papers devoted
to both the theoretical foundations of noncommuta-
tive geometry [6–11] and its phenomenology [12–15].
The reader may consult the above references for a
more thorough understanding of the noncommutative
quantum field theory underlying the present calcula-
tion. We will employ perturbation theory in leading
powers of the dimensionful matrix of parameters θµν
in accord with the work done in [15].
2. Preliminaries
Although aµ does receive a sizable contribution
from noncommutative geometry, it is a constant con-
tribution [14], i.e., the interaction with the external
magnetic field E ∼ Biθjk!ijk is independent of the
muon spin, and therefore the experiment described
above is not sensitive to this perturbation of aµ.
1 For a partial list, see [5].
The effect of noncommutative geometry on this
measurement does however enter in the manner in
which the muon spin is measured in its decay. Each of
the W -boson vertices in the decay diagram Fig. 1(a)
receives corrections from noncommutative geometry
at the one loop level, as shown in Fig. 1(b). One might
expect such corrections to be negligible, but in fact the
loop integral in Fig. 1(b) involves θ -dependent vertices
which lead to integrals of the form
(4)
∫
d4k
16π2
eip·θ ·q
k4
for loop momenta much larger than the external mo-
menta p, q . In the limit |θ | → 0 the integral (4)
formally diverges so one has to renormalize care-
fully (see [15] for a discussion of this point). The
generic size of the noncommutative contribution will
be α16π2 |p2µθ | ln |p2µθ | which for fast muons (pµ ≈
3 GeV at BNL) and low scales of noncommutativ-
ity (|θ | ≈ (1 TeV)−2) gives a suppression factor of
O(10−8) relative to the tree level decay diagram. Since
the current deviation of the SM prediction from exper-
iment in (3) is of this size, we see that noncommutative
effects cannot be neglected on the basis of their mag-
nitude.
More importantly, the appearance of the antisym-
metric object θµν in the decay amplitude leads to com-
binations of the muon and electron spins and mo-
menta which alter the modulation frequency of the
decay rate (2). Specifically, one anticipates factors of
( pe · sµ)( pe · θ · sµ) which for electron momenta close
to their kinematical limit (i.e., y = 1) behaves like
cos(φ) sin(φ). In what follows we explicitly demon-
strate these terms exist in the decay rate.
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3. The calculation2
Define the muon decay amplitude
(5)M= GF√
2
u¯e
(
CiOαi
)
v1u¯2
(
C′jO′αj
)
uµ
involving the electron, muon, and neutrino (1,2)
spinors and the most general set of operators at the
interaction vertices, Oi (i ⊂ {S,P,A,V,T }) which
may depend on momenta. The muon decay rate is
proportional to the squared matrix element
|M|2 = G
2
F
2
TeTµ,
Te ≡ tr
(
u¯e
(
CiOαi
)
v1v¯1
(
C∗jOβj
)
ue
)
,
(6)Tµ ≡ tr
(
u¯2(CkOk,α)uµu¯µ
(
C∗l Ol,β
)
u2
)
.
This is a product of two terms: the electron trace Te
and the muon trace Tµ. If θ were zero, all operators
would be of the standard V –A form, and the traces
would be
Te(SM)= 4
(
qα1 p
β
e + qβ1 pαe − (q1 · pe)gαβ
+ iqγ1 pδe!αβγ δ
)
,
(7)
Tµ(SM)= 4
(
qα2 p
β
µ + qβ2 pαµ − (q2 · pµ)gαβ
+ iqγ2 pδµ!αβγ δ
)
− 4m(qα2 sβµ + qβ2 sαµ − (q2 · sµ)gαβ
+ iqγ2 sδµ!αβγ δ
)
,
where m is the muon mass and we neglect the mass of
the electron in this and all that follows. The lowest-
order contribution from noncommutative geometry
will be proportional to one power of θ , so to extract
it one calculates the contribution to |M|2 from each
way it is possible to change one V –A operator
into a noncommutative one, giving altogether twenty
O(θ) terms in |M|2. To find the precise form of
these operators, we next calculate the loop. In Fig. 2
we show the loop with incoming charged lepton
momentum p and outgoing neutrino momentum q .
The loop amplitude is
Mloop =
∫
d4k
(2π)4
u¯e(q)
[−igγ γ (1− γ5)]
2 For an excellent treatment of the corresponding SM
calculation, see [16].
Fig. 2. Variables defined in the loop calculation.
× −igγ δ
(k − q)2 −m2W
i
/k −m
[−ieγ α] −igαβ
(p− k)2 u(p)
(8)
× g[gηβ(q + k − 2p)δ + gβδ(q + p− 2k)η
+ gηδ(k + p− 2q)β] exp[ik · θ · (p− q)]
which becomes
u¯e(q)g
2e
∫ (
d4k
(2π)4
N
η
1 +Nη2 +Nη3
(k2−m2)(p−k)2((k−q)2−m2W )
× eik·θ ·(p−q))u(p),
N
η
1 = (/q + /k − 2/p)(1− γ5)(/k+m)γ η,
N
η
2 = γ β(1− γ5)(/k +m)γ β(q + k − 2p)η,
(9)Nη3 = γ η(1− γ5)( /p+ /k − 2/q).
Now using the on-shell condition u¯e(p)/p = mu¯e(p)
and only retaining terms which couple θµν to the
overall Dirac structure3 we arrive at
N
η
1 → 2m/k(1+ γ5)γ η − 2/kpη(1+ γ5),
N
η
2 →mkη(1+ γ5)− 2kη/k(1− γ5),
(10)Nη3 →mγ η(1− γ5)/k.
Of the above terms in the numerator, the dominant one
is the tensor piece of Nη2 , i.e., the one proportional to
kη/k, since it has the most powers of k. To compute its
effect, we consider first the alteration of the electron
trace, keeping the V –A vertices of the muon trace
intact. This tensor part of the electron trace Te is
Te = tr
(
/pe(1− γ5/se)γ µγ αθµρ(pe − q1)ρ/q1γ β(1− γ5)
)
+ tr(/pe(1− γ5/se)γ α(1− γ5)/q1γ µγ βθµρ
× (pe − q1)ρ
)
(11)× g
2e
16π2
ln
∣∣m2µθ ∣∣
3 I.e., terms containing kη or /k, since θ needs to be contracted
with the electron or muon spin.
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which, after some Dirac algebra, dotting into the SM
muon trace (7), and integration over the neutrino
momenta q1,2 (since these are not observed) gives
(12)|M|2 ⊃ G
2
Fg
2em6µ
64π
ln
∣∣m2µθ ∣∣(se · pˆe)(sµ · θpˆe).
The other half of the calculation, keeping the electron
trace fixed and inserting θ -dependent operators into
the muon trace, yields a very similar result. For high
electron momenta, the muon neutrino and electron
antineutrino momenta are approximately opposite that
of the electron, forcing the spin of the electron
to match the spin of the muon. In this case the
product (se · pˆe)(sµ · θ · pˆe) becomes approximately
cos(φ) sin(φ) since se ≈ sµ and θµν is antisymmetric.
This upsets the cos(φ) angular dependence that the
SM predicts in (2) potentially at the level of 1 part
in 108.
4. Concluding remarks
It is interesting not only that noncommutative geom-
etry can account for the recent measurement of aµ if
the scale of noncommutativity is of the order of 1 TeV,
but also that a noncommutative spacetime at this en-
ergy can account for !K and possibly some of the
CP violating observables in B-meson physics [15].
The caveat however is that θµν , being an intrinsically
directional object, is subject to being averaged away if
experiments collect and average data over time scales
of days or longer due to the rotation of the Earth. In a
storage ring such as the one at BNL, the circulation of
the muons at their cyclotron frequency introduces an
additional averaging of the components of θ , so some
of the effects of noncommutative geometry are bound
to be projected away. Nonetheless, it is hoped that ex-
perimenters will look for a time-varying effect in the
data for aµ which would be a definite positive signal
of noncommutative geometry.
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